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Abstract. The gluing formula of the zeta-determinant of a Laplacian given by 
Burghelea, Friedlander and Kappeler contains an unknown constant. In this paper 
we compute this constant to complete the formula under the assumption of the 
product structure near boundary. As applications of this result, we prove the adia- 
batic decomposition theorems of the zeta-determinant of a Laplacian with respect 
to the Dirichlet and Neumann boundary conditions and of the analytic torsion with 
respect to the absolute and relative boundary conditions. 



§1 Introduction 

In [3], Burghelea, Friedlander and Kappeler established a gluing formula for the 
zeta determinant of an elliptic operator on a compact manifold. This formula con- 
tains an unknown constant which can be expressed in terms of the zero coefficients 
of some asymptotic expansions. In this paper we compute this constant in case 
that the product structure is given near boundary and then we apply this result 
to prove the adiabatic decomposition theorems of the zeta determinant and the 
analytic torsion. Some results of this paper are known from the work of Klimek 
and Wojciechowski in [6] but our method is completely different from theirs. 
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Let M be a compact oriented m-dimensional manifold with boundary Z (Z may 
be empty) and y be a hypersurface of M such that M — Y has two components 
and y n Z = 0. We denote by Mi, M2 the cfosure of each component, i.e. 
M = Ml Uy M2. Choose a collar neighborhood N of Y, which is diffeomorphic 
to [—1,1] X Y, N f] Z = $ and choose a metric g on M which is a product metric 
on N. Suppose that £" — > M is a complex vector bundle such that E\n has the 
product structure, which means that E\n = p*E\y, where p : [—1, 1] x y ^ y is 
the canonical projection. Let Am be a Laplacian acting on smooth sections of E 
and Ami , Amj be the restrictions of Am to Mi and M2. By a Laplacian we mean 
a positive semi-definite 2nd order differential operator whose principal symbol is 
o'l{^m){x,^) = 1 1^1 p. We assume that Am is —d^ + Ay on iV, where du is the 
unit normal vector field to Y on A^, outward to Mi and Ay is a Laplacian on Y. 

We denote by D, B the Dirichlet boundary conditions on Z, Y and by C the 
Neumann boundary condition on Y defined as follows. 

D:C~(M,)^C°°(ZnMi) by D{(P)^<p\z, 

B:C^{Mi)^C^{Y) by = 0|y, 

C:C°°{Mi)^C'^{Y) by C(0) = (a„0)|y. 

Then the Laplacian Am,£) {A.Mi,B,Di Am^.c,!?) with the Dirichlet condition on 
Z (the Dirichlet condition on Y and Z, the Neumann condition on Y and the 
Dirichlet condition on Z) is defined by the same operator Am (^mJ with domains 
as follows. 

Dom{AM,D) = e C°°(M) I D{(i)) = 0}, 

Dom{/\M^,B,D) = {0 G C°°(M,) I B{ct>) = 0,D{<P) = 0}, 

Dom{AM„c,D) = {0 e C~(M,) | C(0) = 0, £>(</)) = 0}. 

For the computational reason, we consider A^ + t"^, A^. + and 

^M,,Cru,D^ + 1"" {t e M+) rather than Am,£>, AMi,B,D and AMi,c,D, where 
5^ and Cm are the Dirichlet and the Neumann boundary conditions corresponding 
to A^, A^. (or A^ + t^, A^. + t"*) defined as follows. 

Dm = iD,DAM,--- ,DAZ-^), 

Bm = {B,BAMi, ■ ■ ■ ,-BA^~-^), Cm = (C,CAMi, ■ ■ ■ ,CA^~^). 
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Note that 

{[ "1-1 1 • 2fe7r 

Yl[J rmi(AM,r» + e^ — t) if m is odd 
nfe=-[^](^M,D + e* "1 t) if m is even. 

For — [^] < k < [^^^^^], denote ctfe = if m is odd, and ak = e*' -^^ if m is 

even. 

Now we describe the so-caUed Dirichlet-to-Neumann operator R{akt) : C°° {Y) — 
associated to Am,d + Oikt on F. Let Pi{akt) : C°°(y) ^ C°°(M,) be the 
Poisson operator on Y associated to Am,d + OL^t^ which is characterized by the 
following equations (for details see [3], [4], [8]). 

BP,{akt) = Idy, DP,{akt) = 0, (Am + akt)P,{akt) = 0. 

Then R{akt) is defined by the compositions of the following maps. 

c°"{Y) ^ c~(y) © c°"(y) ^^(Mi) © c°"(M2) 

S^l^ C°°{Y) © C°°{Y) ^ C°°{Y), 

where Sia{g) = {g,g), Ci{(f)i) = (9„0i)|y, C2{(f)2) = {duh)^ and5if{g,h) = g-h. 
It is known that R{akt) is a ^^DO of order 1 (c./. Theorem 2.1) and by choosing 
TT as an Agmon angle, log DetR{akt) is well defined. The following theorem is due 
to Burghelea, Priedlander and Kappeler ([8], see also [3] and [4]). 

Theorem 1.1. 

logM(A^,^^ + n - logDet{AZ„B^,n^ + n - logDet{AZ,,B^,D^ + n 

m — 1 I r m — 1 i 

2 J L 2 i 

= - Cfc+ log DetR{akt), 

where Ck is the zero coefficient in the asymptotic expansion of log DetR{akt) as 
t — > oo. 

Remark : In [3] and [8], Theorem 1.1 was proved only in case that Z = 0. 
However, the proof can be extended without any modification to the case that Z 
is non-empty. 

The purpose of this paper is to compute the zero coefficients in Theorem 1.1 
under the assumption of the product structures on N, E\n and then we apply this 
result to prove the adiabatic decomposition theorems of the zeta-determinant of a 
Laplacian and the analytic torsion. We first have the following theorem. 
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Theorem 1.2. We assume the product structures of M and E on N and Am = 
-dl + Ay on N. Then : 

'}2k Ck = m\og2 ■ (Cav (0) + dimkerAy). 

Setting t = 0, we get the following corollary. 
Corollary 1.3. We further assume that Am,d is invertible. Then : 
logDetAM,D -logDetAMi,B,D - logDetAM2,B,D = 

- log 2 • (Ca^ (0) + dimkerAy) + log DetR. 

Remark : (1) If dimY is odd, it is well-known that Ca^ (0) + dimkerAy = 0. 
In this case, the assertion in Corollary 1.3 can be written as follows. 

log DetAM,D - log DetAM^,B,D - log DetAM^,B,D = log DetR, 
which was observed in [7] . 

(2) Theorem 1.1, Theorem 1.2 and Corollary 1.3 also hold when we impose the 
absolute (or the relative) boundary condition on Z (see Theorem 5.2). 

The main idea of proving Theorem 1.2 is to show that under the assumption 
of the product structure, R{akt) can be expressed as 2\/ Ay + akt + a smoothing 
operator (Theorem 2.1). We are going to show this fact in the next section by using 
an observation due to I.M. Gelfand, (probably unpublished), that the Dirichlet- 
to-Neumann operator satisfies a Ricatti type equation (c./. (2.2)). 

Now we apply Corollary 1.3 to discuss the adiabatic decomposition of the zeta- 
determinant of a Laplacian into the zeta-determinants of Laplacians with the 
Dirichlet and Neumann boundary conditions. Recall that iV is a collar neighbor- 
hood of y, which is diffeomorphic to [—1, 1] x Y. We denote by Mr the compact 
manifold with boundary obtained by attaching Nj.+i = [— r — l,r + 1] x K on 
M - (-i, i) X y by identifying [-1, x Y with [-r - 1, -r - i] x Y and 
[|, 1] xY with [r + |, r + 1] X y. We also denote by Mi^r, -^2,r the manifolds with 
boundary which are obtained by attaching [— r, 0] x Y, [0, r] x y on Mi, M2 by 
identifying Y with {— r} x Y and Y with {r} x y, respectively. Then the bundle 
E ^ M and the Laplacian Am on M can be extended naturally to the bundle 
Ej. Mr and the Laplacian Am^ on M^. 

To describe the next result, we need to define the operators Qi : C°°{Y) — > 
C°°{Y) (i = 1, 2) by slightly modifying the Dirichlet-to-Neumann operator. For 
/ e C°°(y), choose 0i e C~(Mi) satisfying Am,*^* = 0, = and = /. 
We define 

Qlif) = (OuMy. Q2{f) = (-a,02)|y. 

Then each Qj is an elliptic ^DO of order 1 (c./. Theorem 2.1) and the Dirichlet- 
to-Neumann operator Ris R = Qi + Q2- The following is the second result of this 
paper. 
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Theorem 1.4. We assume that both Qi + \/ Ay and Q2 + y/Ay are invertible 
operators and k = dimKerAy ■ We further assume that Am^,d is invertible for r 
large enough. Then : 

lim {log Det{ Am,, d) - logDet{AMi r,B,D) - logDet{AM2 r,B,D) + klogr} 

r—^oo , , J 

= ^logDetAy. 

Remark : (1) If Ay has non-trivial kernel, we define DetAy from the zeta 
function (•§) consisting of only non-zero eigenvalues. 

(2) If Am is a connection Laplacian for a connection compatible with the inner 
product, each Qi is a non-negative operator (Lemma 4.3). 

(3) Suppose that Am = ^ for a Dirac operator A which has the form G{du + B) 
near Y with G a bundle automorphism satisfying 

G* = -G, = -Id, B* = B, GB= -BG. (1.1) 

Here G and B do not depend on the normal coordinate u. Then the invertiblity of 
both Qi + Vb^ and Q2 + Vb^ is equivalent to the non-existence of the extended 
L^-solutions of Amj_ ^, 00 -^1,00 and M2,oo (Corollary 4.5). 

(4) Suppose that Am is a connection Laplacian or a Dirac Laplacian for a con- 
nection compatible with the inner product and Am,d is invertible. Then the 
invertiblity of both Qi + \/ Ay and Q2 + VAy implies the invertiblity of Am^,d 
for r large enough (Lemma 4.6). 

Let Mi,r be the double of Mi^r- Then it is a well-known fact that 
logDetAj^^ ^ = log DetAMi^,,c,D + logDetAMi^,,B,D- 

Combining this fact with Corollary 1.3 and Theorem 1.4, we have the following 
result. 

Corollary 1.5. We assume the hypotheses in Theorem 1.4- Then : 

(1) lim {logDet{AM, ^,c,d) - logDet{AM, ^,b,d) + klogr} = llogDet{Ay). 

(2) lim {logDet(AM.,D) - logL>et(AMi .,c,d) - logDet^AM^ = 0. 
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Finally we discuss the adiabatic decomposition of the analytic torsion into the 
analytic torsions with the absolute and relative boundary conditions. 

Here we assume that M is a closed manifold with a hypersurface Y and M 
has a product structure near Y. We define M^., Mi^j. and M2^r as above so that 
Mr = Mi,rU{o}xy^2,r- Supposc that {PMi,r-^ PMa,^, Py) is an orthogonal rep- 
resentation of 7ri(Mr) (7ri(Mi^j.)j '^i{M2,r), 7ri(i^)) to SO{n), respectively. Then 
we can define the analytic torsions T(Mr,pMj, Ta6s(Mj^j., pM^, J, TreiiMi^r, PMi,^) 
{i = 1,2), t{Y,py) in the standard way (for the definitions, see Section 5). Our 
goal is to recover Klimek-Wojciechowski's result about the analytic torsion in [6] 
as follows. 

First, let us consider Mi^r (a manifold with boundary Y) only. For a given 
representation Pmi ^ '• 7ri(Mi j.) — > SO{n) and the natural homomorphism ty '■ 
7ri(y) — > 7ri(Mi^f.), define py '■ 7ri(l^) — > SO{n) by py = PMi,^ o ty- We denote 
by Ay (A^^ ^) the Hodge Laplacian acting on q-iorms on Y (on Mi^j.) valued in 
{Epj^^ ^), where Ep^ =Y Xp^W^ with Y the universal covering space of Y 
{Epj^^ ^ is defined in the same way). We define Qf by the same way as in Theorem 
1.4 with the bundle E = A^T*Mi^j. (g) -Ep^^^ . If necessary, by tensoring C on E, 
we regard as a complex vector bundle. Then we have the following theorem. 

j invertible 

operator on {— r} x Y and H'^{Miy, pmi^j), H'^{Mi^r, Y', PMi,^) are trivial groups. 
Then, 

lim {logr„bs(^i,r,PMi J - logr^ei(^i,r,PMi J} = logr(y;/9Y). 



Remark : If + |^ ^ y^A^^ J invertible, by Corollary 4.5 there is no ex- 
tended L^-solutions of dq + d* on Mi^^, which implies that KerA'^^ = KerAy = 
(c./. [1], [2], [5]). 

Next, we consider the closed manifold Mr and manifolds with boundary Mj^j., 
{i = 1,2). For a given representation pM^ '■ 7ri(M^) — > SO{n) and the natural 
homomorphisms tM^,^ : TTi(Mi^r) 7ri(Mr), ty : 7ri(y) ^ 7ri(Mj,j.), define pM^,^ : 
7ri(Mj,r) ^ SO{n), py : 7ri(y) ^ SO{n), by pM^,^ = Pm^ o ^m^,^, Pr = Pm^,^ o t-r- 
We also define Ay, Q\ and as in Theorem 1.6. 
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Theorem 1.7. Suppose that for each q, Qi-\- [ ^ i — — 1 and 

(a/A^ \ 
^ ^ , I are invertible operators on {—r} x Y , {r} x y, and 

Hi{Mr;pMr), Hi{Miy,pMi^J, H'i{M2,r,y;PM2,r) ^'^e trivial groups. Then 
(1) }}^'^ {^osDetAl,^ logDetAl^ ^^^,^ - logDetAl,^ ^^^^^) = 0. 



(2) lim {logr{Mr; pu^ - \ogTabs{Miy, PMj J - logT^e/(^2,r; PM2 J) = 0. 

) — >oo ' ' 

Remark : Recently J. Park and K. Wojciechowski showed the following result 
in [10]. Suppose that M is an odd-dimensional compact manifold with M = 
Ml Uy M2 and Disa Dirac operator acting on smooth sections of a Clifford module 
bundle E with D = G{du + B) near Y. Denote by P>, P< the Atiyah-Patodi- 
Singer boundary conditions projecting the positive and negative eigenspaces of B, 
respectively. Assume that 

KerB = {0}, KerL^Di,^ = KerL^D2,oo = {0}, 

where KerL'^Di^oQ is the set of all extended L^-solutions of Di^^Q on Mi^^a. Then 

lim [log DetD^^ - log DetDl^^P^ -logDetDl^^P^'j ^ -log2 ■ Cb^{0). 

This result is the main motivation of this paper. In the next work ([9]) we are 
going to recover this result by using the techniques in this paper. 

§2 Asymptotic symbol of R{akt) 

In this section, we are going to describe the asymptotic symbol of R{a}~t). The 
following method is observed by I.M. Gelfand. 

We start from defining Q^{akt) : C^{Y) C^{Y) {i = 1,2) as follows. For 
/ e C°°{Y), choose 0^ e C°°(M,) such that 



(Ajvfi + Q:fe*)0i = 0, (f)i\Y = f, (f>i\z = 0. 
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Then we define 

Qi{o^kt){f) = {du(f)i)\Y and Q2(afc^)(/) = {-duMr- 

From this definition, we get 

R{akt) = Qi{akt) + Q2{oLkt) 

and it's enough to consider Qi{akt) only. From now on we denote Qi{akt) simply 
by Q{akt). 

For / e C°°{Y), let </p be a solution of Ami + c^kt with </p|y = / and (j)\z = 0. 
Then, 

— = Qu{akt)ip{u,y), 

where Qu{ctkt) is defined similarly as Q{akt) — Qo{akt) at the level {u} x Y. 
cP , . f d ^ , , s . ^ . ..2 



ip{u,y)= -^Qu{oikt) ] v{u,y) + Qu{akt) ip{u,y). 



dv? ' \ du 
For < ?i < 1, 

(Ay + akt)(fi{u, y) = {^Qu{.Oikt)^ f{.u, y) + Qu{oiktfif{u, y). 
Consequently for < it < 1, 

^Quiakt) = -Qui^ktf + (Ay + akt). (2.2) 
Now let us consider the asymptotic symbol of Quio^kt) as follows. 

(T{Qu{akt)) ~ qi{u,y,0 + qo{u,y,^) + \- qi-j{u,y,^) + ■ ■ ■ , 

where qi-j{u,y, ^) is the homogeneous part of cr{Qu{akt)) of order 1 — j with 
respect to ^. Then 

(^^Qw(afci)^ -^qi{u,y,^) + -^qo{u,y,^) + --- + -^qi-j{u,y,^) + -- - . (2.3) 



Note that 



oo ^ 

(<5„(afet)^) ~ ^ ^ —d'^qi_i{u,y,^) ■ D^qi_j{u,y,^) 

k=0 \u>\+i+j=k 
ij>0 

= 9i (u, y, + (d^qiDyqi + qoqi + qiqo) + ■ ■ ■ ■ (2.4) 



Suppose that 

a-(Ay + akt) = (P2(y,0 + oiktld) +pi{y,^) + po{y,^). 

Since -^Qu{oikt) is a \1/D0 of order 1, ql{u,y,^) = p2{y-,i) + 0iktld. Applying the 
argument of Lemma 3.3 in [8] to the double of a manifold with boundary, one can 
show that 



<li {u, y, = VP2iy,0 + <^ktId. (2.5) 

Hence qi does not depend on u and ^qi{u,y,^) = 0. Again, from (2.2), (2.3) and 
(2.4), since qi is a scalar matrix, {d^qiDyqi + 2qiqo) = pi{y,^) and 

qo{u,y,0 = (2gi(y,0)"^ {Pi{y,0 - diqi{y,0 ■ Dyqi{y,0)- 
Hence qo{u,y,^) does not depend on u and -£iqo{u,y,^) = 0. In general, 

= {2q,)-' I - Yl ^d^qi-iiy,0-D^<li-jiy,0 + Poiy,0 

\L0\+i+j = 2 

\ 0<i,j<l 

and for k > 3, 

= (2gi)-i J - Yl ^d-cQl-^iy^O ■ D^Qi-j{y,0 \ ■ 
K 0<i,j<k-l ) 

Hence, each qi-k does not depend on u and this implies that -^Qu{oLkt) is a 
smoothing operator. Setting w = in (2.2), 

Q(akt)^ = (Ay + ockt) + a smoothing operator (2.6) 

and we get the following theorem. 

Theorem 2.1. Under the assumption of the product structure near N, we have 
the followings. 

(1) Q{akt) = \/ Ay + akt + a smoothing operator . 



(2) R{akt) = 2^/Ay + akt + a smoothing operator 
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Proof It's enough to show the first statement. From (2.5) we have 

Q{akt) = VAy + akt + A, 

where A is an operator of order 0. Squaring both sides and using (2.6), we have 

Q{aktf = (Ay + akt) + ^/Ay + attA + A^/Ay + aut + A^ 
= {Ay + cxkt) + a smoothing operator . 

Hence VAy + aktA + Ay/ Ay + a^t + is a smoothing operator, which imphes 
that A is a smoothing operator. □ 

§3 The computation of the zero coefficient of log DetR{akt) as t — > oo 

It is shown in [3] that log DetR{akt) has an asymptotic expansion as t — > oo and 
each coefficient can be computed by the asymptotic symbol of R{akt). Hence, from 
Theorem 2.1, log DetR{akt) and log Det{2y/ Ay + att) have the same asymptotic 
expansions as t ^ oo. In this section, we are going to compute the asymptotic 
expansion of logi)et(2\/Ay + a^t) by using the method in [12]. 



and we are going to consider log Det{ Ay + a ^t) . Since Re{ak) is possibly negative, 
we avoid this difficulty as follows. Put = 6*^*= with 9^ — for m odd and 
for m even. Choose an angle with < |0fc| < f so that i?e(e*(^'=-'^'=)) > 
0. (In fact, if < < we choose 0^ = 0.) Then 



logDet{Ay + ttfet) = logDet{e'^''{e-^'^^Ay + e^^^-'^^H)} 

= ^0fcC(e-«^.A,+e^(«.-^.)t)(O) + logDet{e-''^^ Ay + e'^'^-'^^h). 
Put Ok = Ok-(pk- Then 



Note that 



logDet{2y/Ay+akt) = log2 • 



A^+a,t) (0) + - log Det{Ay + akt) (3.1) 



1 f 



oo 



,s-l 




The following lemma is a well-known fact. 
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Lemma 3.1. As r ^ 0, we have the following asymptotic expansion 

with bm = Cay (0) + dimKerAy- 

Now we are going to compute the asymptotic expansion of C(e-i<#>fe Ay+e**fet)^"^) 
as t — > oo. 

1 / ^«^,_i^_„e-.j.^^-fe-*.A.l^^ 



As t — > oo, 



r(s)yo 't' t 

/ u'-'e-^''''Tre-f'^~"''''-du 
s Jo 



2 e '''^ dix 



1 f u 
= yb^t-^+'^-^ u^+'^-'e-^^'''du 

Consider the contour integral '^e~^dz for Res > where 

C = {re'^'^ \e<r<R}U {ee'^ | < ^ < 6*^} 

U{r\e<r<R}U {Re'^ \ < 9 < h} 

and oriented counterclockwise. Then one can check that 

/ {ue'^'^y+'^-'e--'^'"'(e''^)du= r^+^-^e-^rfr = r(s + 
Jo Jo 2 

We, therefore, obtain the following asymptotic expansion for t — > 00. 

^{e-^fkAY+e^'ki)^^) ^ 2^^3^(^ ) fwT) * 
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This gives the asymptotic expansion of C(g-i*fe^y_|_giefc^)('S) as t — > oo. In view of 
Theorem 1.1 we are mainly interested in the zero coefficients in the asymptotic 
expansions of C^^-i^,AY+e^ht)(^) and CJ^-i^,^^+g«-,,)(0) as t ^ oo. 

First, setting s = 0, the zero coefficient 7''o(C(e-i<#'fe Ay+e*^fct) ^^)) asymp- 
totic expansion of C(e-<*feAy+e*^fet)('-') following. 

^o(C(e-i<^fcAy+e*«"M)(0)) = ^m = Ca^ (0) + dimkerAy. (3.3) 

Taking derivative at s = 0, the zero coefficient of C 3 s(0) can be ob- 

tained only in the term &^e~*^'=*t~''. Hence, by (3.2) and (3.3), the zero coefficient 
7ro(A>' + CK/et) in the asymptotic expansion of log-Det(Ay + a^t) as t — > 00 is the 
following. 

7ro(Ay + a^t) = «^A;(CAy (0) + dimkerAy) + i{Ok - 0fc)(CAy(O) + dimkerAy) 
= iOkiCA^iO) + dimkerAy). (3.4) 

We summarize the above computations as follows. 

Proposition 3.2. The zero coefficients in the asymptotic expansions of 
^(e-*'*feAy+e*^fct)(^) of ^ogDet{Ay + akt) as t ^ 00 are the foUowings. 

(1) 7ro(C(e-i^feAy+e*»fet)(0)) = CAy(O) + dimkerAy. 

(2) 7ro(Ai- + akt) = iOkiCAyi^) + dimkerAy), where au = 6*^*=. 

Now we are ready to compute c = Y2k in Theorem 1.1. Since C(Ay+afct)(0) = 
C(e-i<#.feAy+e*»fct)(^)' (^•^) Proposition 3.2 

Cfe = log2 • (CAy(O) + dimkerAy) + ^i^fc(CAy (0) + dimkerAy) 
and hence 

Ck = m log 2 • (Cav (0) + dimkerAy ) . 

k 

This completes the proof of Theorem 1.2. 



§4 The adiabatic decomposition of the zeta-determinant of a Lapla- 
cian 
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In this section we are going to prove Theorem 1.4. Recall that 
Mi^r = Ml Uy [-r, 0] X Y, Ms,^ = M2 Uy [0, r] x Y, 
where we identify Y with {— r} x Y and Y with {r} x Y. Then 

Mr = Mi^rU^0}xYM2,r. (4.1) 

Throughout this section we denote {r} x y by l^r, the Dirichlet (Neumann) con- 
dition on Yr by Bj. (Cr) and the Dirichlet condition on Z by D. We assume that 
^M,D is invertible. Then under some conditions Am^,d is also invertible for r 
large enough (Lemma 4.6). 

Prom the decomposition (4.1) and Corollary 1.3, we have 

log DetAM,,D = logDetAMi^,,Bo,D + logDetAM2,r,Bo,D 

- log 2 ■ (Cay (0) + dimkerAy) + log DetRM^ ■ (4.2) 

From the decomposition Mr = (Mi U M2) U TV,, with Nr = [-r, r] x Y, we have 

log DetAM,,D = log DetA(^Mj_uM2),B^r,Br,D + logDetAjy^, 

- log 2 • {Cayuy (0) + dimkerAYuY) + log DetR-r,r 

= logDetAu^M.D + logDetAM2,B,D + logDetAN,,B^r.Br 

- 2 log 2 • (Cav. (0) + dimkerAy) + log DetR_r,r, (4.3) 

where R-r,r ■ C°°(y_^) © C°^{Yr) C^{Y_r) ® C°°(i;) is the Dirichlet-to- 
Neumann operator corresponding to the decomposition (Mi U M2) U N^. 

Put N_r,o = [-r, 0] X y and iVo,^ = [0, r] x Y. Since Mi^^ = Mi U iV_^,o and 
M2,r = M2 U iVo,r-, we havc 

logi:)etAMi,,,So,r» = log-DetAMi,B,D + logi:>etAjv_,,o,-B-r,-Bo 

- log 2 • (Cav (0) + dimkerAy) + log DetRu^,, , (4.4) 

logDetAM2,r,Bo,D = logDetAM2,B,D + log Z)etAiv„^,B„,B,, 

- log 2 • (Cav (0) + dimkerAy) + log DetRu^^r ■ (4-5) 

Here AAr_,,o,B-.,Bo = + with the domain {0 e C°^(N_r,o) \ (j)\y_^ = 
(f^Wo = 0} and Rmi ^ i^ Dirichlet-to- Neumann operator corresponding to the 
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decomposition Mi^r = Mi U ([— r, 0] x Y). A7Vo^,Bo,Br ^^^l r defined 
similarly. 

Then from (4.2) to (4.5), we have 

- log 2 • {Cay (0) + dimkerAy) + log DetRM^ = 
log Det An,, B.r^, Br- - logi:'etAjv_,,o,B_,,Bo - log^e^AJVo,,,Bo,-Br■ 
+ log DetR-r,r - log DetRMi^r - ^g DetRM2,r ■ (4-6) 
Prom the decomposition of N^. as 

Ar, = ([-r,0]xr)U([0,r]xy), 

we have 

log Det Ajv„B_„B, - logDetAN_,,,,B^,,Bo - ^ogDetAN„^,,Bo,B, 

= - log 2 ■ (CAy (0) + dimkerAy) + log DetRN, , (4.7) 
where Rn, : C°°(lo) ^ C°^iYo) is defined as follows. For / G C^{Yo), choose 

0(W,|/) so that (-a^ + Ay)(j) ^OonNr- Yq, (j)\y, = /, (j)\y_, = = 0. Then, 

RnM) = (9„(0|jv_,,o) - ^u(0ko.r-)) In- Hence, we obtain from (4.6) and (4.7) 
log DetRMr- = log DetRN, + log DetR-r,r - log DetRui^r^ - log DetRM2,r ■ (4-8) 

Now we are going to find the spectrum of Rn, : C°^{Yo) — > C°°{Yo). For 
fk e C°°(lo) with Ayfk = Xkfk, we have 



/Afe u _|_ 



0(«,2/) = < 



Hence, 



(e- 



') /fc(y) for (^/,y) e iV_^,o 



Afer 



) /fe(y) for {u,y) e No,r 



RNr-ifk) = 2-\/Aa; + 



4A/Are" 



gvAfc"^ — g~VAfcr 



/fc, 



where we interpret 



4VA^e 



as ^ when Afe = 0. The spectrum of Rn, is 



2^/^k + _ I Afc e 5pec(Ay) 



Let PkctAy '■ C°^{Y) — > C°°(y) be the orthogonal projection onto KerAy. 
Then 



E 

Afc^O 



4AA^e-^'^ 



AfeT 



'ATr 



2VA 



The following lemma can be checked easily. 
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Lemma 4.1. Let A be an invertible elliptic operator of order > and Kr he a 
one-parameter family of trace class operators such that \\m.,f.^oo Tr{Kr) = 0. Then 

lim logi:>et(^ + Kr) = logDetA. 

r— >oo 

Proof Note that 

d 

log Det{A + Kr) - log DetA = — log Det{A + tKr)dt 

Jo dt 

= f Tr{(A + tKr)~^Kr)dt. 
Jo 

If we denote by Aq the smallest eigenvalue of l^l, for r large enough we have 

I log Det{A + Kr) - log DetA\ < -^Tr(K^) 

2Ao 

and hence the result follows. □ 

Applying Lemma 4.1 with A = 2\/Ay and Kr = QriAy) with gr{x) = 



on the orthogonal complement of KerAy, we get the following equation. 

lim {log DetRN^ - logDet{2^/A^ + -PxerA^) 1-0. 

r—^oo I '"J 

Since 

2 1 
logDet{2^/A^+ -PkctAy) = ^og2- (Ca^ (0) + dimKerAy) + - logDetAy 
r I 

- (dimKerAy) log r, (4.9) 

we get the following corollary. 
Corollary 4.2. 

lim (log DetRN + (dimKerAy) log r) = 

r— >oo ^ 

1 

log 2 • (CAy(O) + dimKerAy) + - logDetAy. 



Now we discuss the operators Rmx ^5 -Rms r R-r,r- First, we can describe 

Rm, . : C°^(Y_r) ^ C°°(y_,) as follows. For fu G C°^(Y_r) with A^/fc = Xkfk, 
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we choose the section e C^{Mi^r) satisfying Ami ^0 = on Mi^r — Y-r-, 0|y_,. — 
fk and 0|z = ^Iy-q = 0. Then one can check that 

flM.„(/*) = Qi(h) - (a„(,<.|jv_„.))|r_. 
As the same way 

RM.Afk) = Q2(/fc) + idui<P\NoJ)\Y. 

Similarly, : C°°(r_^)©C°°(y^) ^ C°°(r_^)©C~(y^) is described as follows. 

R-r,r{fki 0) = 



-R-r,r(0, /fe) 



/fc) Q2{fk) + \ V^k+ ^ /T-^ /fc 



We, therefore, have 

where hr{x) = ir^^-ir-^ /ij.(Ay) acts on the KeriS.Y as the multiplication 
of h- 

We are going to discuss the operators Qi and Qi + \/A^. The following lemma 
can be checked by using integration by parts (c./. Proposition 4.3 in [2]). 

Lemma 4.3. Suppose that V is a connection which is compatible to the inner 
product on M. i.e. for any sections si, S2 G C^{E) and a tangent vector w, 
w{si,S2) — (Vu;Si,S2) + (si,Vu,S2). If Am = V*V, then each Qi is a non- 
negative, self-adjoint operator. 

Next, let us consider a Dirac Laplacian for a Dirac operator A which has the 
form G{du+B) near the boundary Y, where G is a bundle automorphism satisfying 
the conditions (1.1) and both G and B do not depend on the normal coordinate 
u. We refer to [5] for the following lemma (c./. Lemma 3.1 in [5]). 
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Lemma 4.4. Let (f) and be smooth sections on Mj (j = 1, 2). Then, 

{AMj(j),^)Mj - {(j):AMjilj)Mj = ej((/)|y,G(V'|r))r, 
where ej = 1 for j = 2 and ej = —1 for j = 1- 

Suppose that for / G C°^{Y), is the solution of Aj^, with = /, = 0. 
Then by Lemma 4.4 

{{Qi + \B\)f,f)Y = {AmAi^AmMm, + {i\B\ - B)fJ)Y, (4.10) 

{{Q2 + \B\)f, f)Y = {AmA2. AmMm, + + S)/, f)Y. (4.11) 

As a consequence, / e Ker{Qi + \B\) if and only if ^Mi0i = and / e ImP> 
and hence on the cylinder part we can express 0i as 

k 

j=l \j>0 

where Bgj — 0, Bhj — Xjhj. This implies that 0i is the restriction of an extended 
L^-solution of Ami,oo on Mi^oo '■= -^i Y x [0, oo). We can say similar assertion 
for 02 and have the following corollary (c./. Theorem 2.2 in [5], see also [1], [2]). 

Corollary 4.5. The invertihility of Qi + \/B^ and Q2 + y/B^ is equivalent to 

the non-existence of the extended LP' -solutions of Am^ ^ and Am2 00 '^'^ -^1,00 and 
M2,oo- In particular, this condition implies that KerB = 0. 

Lemma 4.6. Suppose that Am is either a connection Laplacian or a Dirac Lapla- 

cian for a connection compatible to the inner product as above and ^m.d is in- 
vertible. If both Qi + Ay and Q2 + -\/Ay are invertible, then R-r,r and Am^ 
are invertible for r large enough. 

Proof We are going to show first that R-r,r is injective. Then this implies 
that Am^o is injective. Since Am^ a is self-adjoint, Am^ ^ i^ invertible and this 
implies again that R-r,r is also invertible ([3], [8]). 

Putting Ar = hr{AY) with hr{x) = ^..^'^f,,.^ , 

.9) ' ^g)") L^(Y) 



R—r,r I 1 5 



= ((Qi + y/A^)f, f) + ((Q2 + V^)^?, ^7) 

+ {Are-^-^f, f) + {Are-^-^g, g) - {A^g, f) - {AJ, g). 

Note that each Qi + ^/ Ay is a non-negative operator by Lemma 4.3 and (4.10), 
(4.11). Let Ao be the minimum of the eigenvalues of Qi + Ay and Q2 + \/ Ay- 
Since lim^-^oo ||^r||i,2 = 0, one can choose ro so that for r > ro, HA^Hls < Aq. 
Then for r > ro, R-r,r is injective and this completes the proof. □ 



In case that both Qi + \/Ay and Q2 + \/Ay are invertible, we can apply Lemma 
4.1 directly. 
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Corollary 4.7. Assume that both Qi + \/ Ay and (^2 + V^y c^'^e invertible. Then 

(1) limj.^oo log DetRMi^, = logDet{Qi + y/A^). 

(2) lim^^oo log DetRM2,r = log Det{Q2 + v^)- 

(3) lim^^oo logDetR-r,r = logDet{Qi + y/A^) + log Det{Q2 + V^). 

Combining Corollary 4.2 with Corollary 4.7 and (4.2), (4.8), we complete the 
proof of Theorem 1.4. 

§5 The adiabatic decomposition of the analytic torsion 

In this section, we are going to prove Theorem 1.6 and Theorem 1.7. Recall 
that M is a closed manifold of dimension m with the product structure near 
a hypersurface Y. We define Mj., Mi^^ and M2^r as in Section 4 and suppose 
that (pMi^r, PM2,ri Py) is an orthogonal representation of 7ri(Mj.) (7ri(Mi^j.), 
T:i{M2^r)i 7ri(y)) to SO{n), respectively. Then we can construct a flat bundle 
^PMr ~ >^pMr. -l^"' where Mr is the universal cover of M^. The flat bundles 
Epj^^ ^ , Epj^^ ^ and Ep^ are defined in the same way. 

For each q, denote by := {dq + d*)"^ the Hodge Laplacian acting on q'-forms 
valued in Epj^^. Then the analytic torsion t{Mj.^ Pm^) is defined by 

log r(M,,pMj = - Y.^-^y ■ ^ ■ log^etAl^^. 

To define the analytic torsion on Mi^r-, we choose the absolute or the relative 
boundary condition on Yq. Near Yq, a differential g-form u) can be expressed by 

UJ = UJl + du f\ UJ2i (5-1) 



where u}\ and u}2 do not contain du. 
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Definition 5.1. Suppose that a q-form uj in Mi^r is expressed as in (5.1). 

(1) ui satisfies the absolute boundary condition if (9„a;i)|Yg = and u!2\yo = 0. 

(2) u! satisfies the relative boundary condition if (.oi\yo = and {dy,cu2)\Yo = 0- 

We denote by n^j,^(Mi^r), ^^^^(Mj^j,) the sets of all g-forms valued in -Em^ ^ 
satisfying the absolute and the relative boundary conditions, respectively. We also 
denote by A^. ^ ^j^^, A^. ^ the Laplacian acting on gf-forms valued in E'mj ^ 
with 

Then the analytic torsion Tabs{Mi^r, PMi^r) TreiiMi^r, PMi^^) are defined by 

^ m 

logTabs{Mi,r, PMi,,) = - ^{-1^ ■ Q ■ log DetAl^,^^^^^^, 

q=0 

^ m 

logT,eKMi,„pM,.J = - X;(-l)'-9-l0gi^etA^.^^^^^. 

9=0 

It is a well-known fact (c./. [11]) that 

KerAl,^^^^^,^ - H%M,y, pM,,^), KerA\,^^^^^^, - H%M,,r. Y; pM^^J. 

We consider Mi^r (a manifold with boundary Y), first. Recall that Mi^r = 
Ml Uy_^ N_r,o with N_r,o = [-r, 0] x Y, and Y_r = {-r} xY,Yo = {0} x Y. We 
denote by B, D, the Dirichlet boundary conditions on YLj., respectively. 

For a given representation pmi,^ : 7ri(Mi^r) — SO{n), define pY '■ ^ 
SO{n) by = p^i ° '-Y, where <.y : ni{Y) 7ri(Mi^r) is the natural homomor- 
phism. Then the restriction of the bundle Ep^^ to Y is isomorphic to Ep^, {c.f. 

[11])- 

The set Q'^{N_r^o, Ep^^ ^ Ia^.^ o) g-forms valued in Ep^^ ^ |jv_^ o "^^n be decom- 
posed as follows. 

n\N_r,o,Ep^Jr,_^^,) = C^{[-rM,Ep^jN..^,)®n^{Y,Ep,)® 

du^C°-{[-T,%Ep^J^_^,)®n'^-\Y,Ep,). (5.2) 

From this decomposition, the Laplacian A^^ ^, when restricted to N^r,o, can be 
expressed by 

19 



where is the Laplacian acting on g-forms on Y, valued in Ep^. Here and 
throughout this section we use the convention that = for q < or q > m. 

To describe the gluing formula of the type of Theorem 1.1 (or Corollary 1.3) 
in this context, we need to define modified Dirichlet-to-Neumann operators Q\, 

Q%_^^abs Q^N^rarei foUows. For simplicity denote E = {A'^T*Mi^r) ® 
E'p^ . For a given / G C°°(i?|y_,,), choose smooth sections e C°°{E\mi), 
i^abX C°°(£^|iv_.,o) and xl^rei £ C°°(£;|iv_.,o) such that 

and ipabs (il^rei) satisfics the absolute (relative) boundary condition on Yq, respec- 
tively. Then we define 

Qlif) = {du<P)\Y.., 

and 

^B,abs = Ql + QN_r;0,abs^ ^'B,rel = Ql + Q'N_^^o,rel- 

Then the following theorem can be proved in the same way as Theorem 1.1 (c./. 
see the Remark after Corollary 1.3). 

Theorem 5.2. We denote kq — dimKer/S.Y. Then : 



= -log2(C^^-i(0) + Ca^(O) + Vi + + logDetRl^. 

(2) logi^etAl,^^^^^,^ - logDetA^^ - log DetA^_ 

= -log2(C^,-i(0) + Ca^(O) + + kq) +\og DetRl^^^^. 



(3) logi^etA^^^^^,^^ - logL»etA^^^^ - logL'etA^^^^^ 

= - log 2(C^^-i (0) + Ca?, (0) + + kq) + logL»eti?| 

Wc next describe the operators A^_^ ^ ^ and A^_^ ^ b reV f^om the decom- 
position (5.2), we have : 

^ A-9^ + A^)iv_.,o,B,c 

V (-92 + Ar')iv_.,o,B,i. 
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where C means the Neumann boundary condition on Yq and B (D) means the 
Dirichlet boundary condition on Y_r (^)- Hence, we have : 



\ogDet{-dl + A^)^r_,o,B,c - \ogDet{-dl + A«.)^__„,b,d, (5.4) 

logi:>etA^_^^^^^ - log^etA^^^^^^ = 

\ogDet{-dl + Ar')iv_.,o,B,c - \ogDet{-dl + Ar')iv_.,o,B,D. (5.5) 

(\/A^ \ 
^ ^ ; ^ is invertible. Since the Hodee Laplacian 
y/Al^ J ^ ^ 

A^ is a Dirac Laplacian satisfying (1.1), by Corollary 4.5 we have kq-i = kq = 
{c.f. see the Remark below Theorem 1.6). By Corollary 1.5 and (5.4), (5.5) we 
have : 

^Inn {logi5etA^_^^^^„,,-logL»etA^_^^^^^} = llogi;etAf., (5.6) 

^lim {\ogDetA%_^^,,^^^^ - \ogDetA%_^^,,,,} = \ logDetA^yK (5.7) 
From Theorem 5.2 , we have : 

logL>etA^^^^ - ^ogDetAl,^^ ,, 

= [logDetA%_^^^^^^,^-logDetA%_^^^^^^) 

+ log DetR%^^,^ - log DetRl ,,, (5.8) 

and 

^ogDetAl,^^^^^,-logDetA\,^^,, 

= (^logDetA%_^^^^^^^i-logDetA%_^^^^^^) 

+ log DetR%^^^i - log DetR% jj. (5.9) 
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Lemma 5.3. Suppose that Q\ + [ ^ i — — 1 is invertible. Then, 
lim log DetR%, = lim log DetR%, = lim logDetR% 



= log DetiQl+i ^ ° )). 



y/A 



Proof The last equality is exactly the assertion (1) in Corollary 4.7. We 

are going to show that limj-^oo log DetR'L , = log Det { Ql+ \ ^ / — — 

The case of log DetR'^^ can be proved in the same way. 

By a direct computation one can check the foUowings. For / G ^'^{Y, Ep^) with 
Kf = A/, 



For g e ni-\Y, Ep^) with Afr'^r = iig, 



Then the result follows from Lemma 4.1. □ 

From (5.6) to (5.9) and Lemma 5.3, we have the following corollary. 



Corollary 5.4. Suppose that Q\-\- ^ ^ ^ a^~^ j ^''^vertible for each q. Then 
the following equalities hold. 



(1) }}^ {^ogDetAl^^^^^,^ - logDetAl^^ ,,] = I 2 



logMA^ (0<g<m-l) 
{q = m). 



{logi^etA^^^^^^^-logiPeiAl,^^,^} 



^ log DetA"^^ (1 < g < m) 
(5 = 0). 



Now we are ready to prove Theorem 1.6. 



lim {logTabsiMi^r, PMi J - logTrel{Mi^r, PMt J} 
>oo ^ ' ' 
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= ^™ o y^A'^y ■ ^ ■ (log-DetAMi ^,abs - logDetAMi 

q=0 

^ m 

- lim - V'(-l)^ • q ■ (logDetAMi ,,rel - logDetAm^ 

r— >oo Z ' ' 

q=0 

^ m—1 m 

= i E (-1)' • ^ • logi^ei(A|.) - - • 9 • log i^ei(Ar') 

q=0 q=l 
^ m—1 ^ m—1 

= r{Y,pY). 

This completes the proof of Theorem 1.6. □ 

Next, we take care of the closed manifold Mr — Mi^r ^Yq -^2,r- From Theorem 
1.4, we have : 

^hm {logL>etA^^^ - logDetA^^^ - logL»etA^^^^^^} 
= ^ (logDetAl. + logDetA^y^^ . 

On the other hand, 

^hm {logDetAl^^ - logl^etA^^^^^ - logl^etA^^^ 

= }}^ { {^^sDetAl,^ - logL»etAl,^^ - logi^etA^^^^ ,,^,) 

+ (logDetA^^^^^,, - logi^etAl,^^ 

+ (logl^etA^^^^^^, -logi^etAl,^^^^^)} . 
From Corollary 5.4, we have : 

^lim {logL»etAl,^ - logL>etA^^^^„,, - log L»et A^,^^^^, } = 

and therefore, wc obtain 

lim {t(M^, PmJ - Ta6s(Mi^, pMi J - rrel{M2,r, PM2 J} = 0) 
) — >oo ' ' 

which completes the proof of Theorem 1.7. 
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